Abstract. In this paper, we obtain new generating functions involving families of pairs of inverse functions by using a generalization of the Srivastava 
Introduction
In 1977, motivated by the work of Srivastava and Singhal [27] on the Jacobi polynomials, Carlitz are general one-and two-parameter coefficients. Srivastava [23] proposed a generalization of Carlitz's theorem for the sequence of functions f 
A large number of interesting papers treating many special cases of Srivastava's theorem exist in the literature [4, 24, 25, 30] .
The proofs of these results are essentially based on the Lagrange's expansion theorem in the form [22, p. 146, Problem 207] :
where the functions f (z) and φ(z) are analytic about the origin, and ζ is given by ζ = tφ(ζ) and φ(0) = 0. 
In particular, they considered the specific form:
(1.10)
They also gave many special cases. For further details on fractional derivatives, the interested reader should read [8, 9, 19, 20, 21, 34, 35, 36] .
The aim of this paper is to further investigate the generalization of Srivastava's theorem given by Tremblay and Fugère related to pairs of inverse functions. In Section 2, we recall the theorems recently obtained by Tremblay and Fugère. Section 3 is devoted to the obtention of new generating functions for the generalized degenerate Bernoulli polynomials introduced by Carlitz [3] . Finally, in Section 4, we introduce families of pairs of inverse functions by using a theorem of Donaghey [5] , and we give some special cases of generating functions involving these pairs of inverse functions which can be seen as generalizations of the generalized Bernoulli polynomials and generalized degenerate Bernoulli polynomials.
Main theorems
In this section, we recall the generalization of Srivastava's theorem as well as others theorems obtained by Tremblay 
where the parameters σ, α i , λ i (1 ≤ i ≤ r) and x j , y j (1 ≤ j ≤ s) are arbitrary complex numbers independant of z (with suitable conditions on variables and parameters). The functions A(z), B i (z), z −1 C j (z) are analytic in the neighborhood of the origin, and assume that
Then we have
where
, is generated by a function of the form
where the parameters α i (1 ≤ i ≤ r), β, γ and x j (1 ≤ j ≤ s) are independent of z, the functions A(z), B i (z), z −1 C j (z) and E(z) are analytic at the origin and such that
then the following generating function holds
, where is generated by a function of the form
. . , r; j = 1, . . . , s and
then we have the following generating function
and we also have that
, where
and E −1 (z) denotes the inverse function of E(z).
Applications to generalized degenerate Bernoulli polynomials
The generalized degenerate Bernoulli polynomials
n (λ, µ; x) which contain, as special cases, the Nörlund polynomials [17] and the generalized Bernoulli polynomials [6, 10] , have been introduced by Carlitz [3] . These polynomials are defined by the following generating function:
where λµ = 1 and α ∈ C.
By taking the limit as λ → 0 in (3.1), we have
where B (α) n (x) denotes the well-known and largely investigated generalized Bernoulli polynomials [7, 11, 12, 13, 14, 15, 26, 28, 29, 31, 37] .
The generalized degenerate Bernoulli polynomials satisfy the next properties [3] :
Another interesting property for the degenerate polynomials β where A n is a rational number whose denominator contains only primes occurring in b. For n odd, β 
n (λ, µ; 0) = A n . In particular when λ is a integer then A n is also an integer.
The following theorems are obtained by suitably applying Theorem 2.3 and Theorem 2.4. 
, we thus have
Finally, by making the appropriate substitutions in conjunction with Theorem 2.3, the result follows easily. n (λ, µ, x):
Finally, by making the appropriate substitutions in conjunction with Theorem 2.4, the result follows easily.
It is worthy to mention that taking the limit as λ → 0 (λµ = 1) in (3.10), we have
where B (α) n (x) denotes the well-known generalized Bernoulli polynomials. This last generating function is a well-known result for the Bernoulli polynomials.
Applications to special pairs of inverse functions
In this section, we first introduce some families of pairs of inverse functions with the help of a result given by Donaghey [5] . These families are listed into two tables. Next, we give some applications of Theorem 2.4 to some of these pairs of inverse functions which can be seen as extensions of the generalized Bernoulli polynomials and the generalized degenerate Bernoulli polynomials.
First of all, let us recall a result obtained by Donaghey [5] .
(k-th Euler transformation of a series [32] ) and
1−kzG0(z) (k-th star transformation of a series [32] ) with f 0 (g 0 (z)) = g 0 (f 0 (z)) = z, then f k (z) and g k (z) are two families of inverse functions with k = 0, ±1, ±2, . . . . Table 1 . Pairs of inverse functions with 1 index 
Let us consider the sequence of functions h
According to Theorem 2.4, we obtain the following generating function:
We also find that
Especially, if we set k = 0, β = −α, φ = −ϕ, γ = µx µ−1 and κ = µy µ−1 in (4.1), (4.2) and (4.3), we recover (3.10) to (3.12). In light of these two examples, it is obvious that the functions given in Tables  1 and 2 
